Development of accurate and reliable models for predicting the strength of rocks and rock masses is one of the most common interests of geologists, civil and mining engineers and many others. Due to uncertainties in evaluation of effective parameters and also complicated nature of geological materials, it is difficult to estimate the strength precisely using theoretical approaches. On the other hand, intelligent approaches have attracted much attention as novel and effective tools of solving complicated problems in engineering practice over the past decades. In this paper, a new method is proposed for mining descriptive Mamdani fuzzy inference systems to predict the strength of intact rocks and anisotropic rock masses containing well-defined through-going joint. The proposed method initially employs a genetic algorithm (GA) to pick important rules from a preliminary rule base produced by grid partitioning and, subsequently, selected rules are given weights using the GA. Moreover, an information criterion is used during the first phase to optimize the models in terms of accuracy and complexity. The proposed hybrid method can be considered as a robust optimization task which produces promising results compared with previous approaches.
Introduction
One of the key problems in rock engineering is predicting the strength of rocks including intact rocks, anisotropic and highly fractured masses. Such a prediction has several practical applications, e.g. design and construction of rock-based structures, stability of rock slopes, and underground excavations. This problem may be dealt with via different techniques, including analytical, experimental and numerical methods. The analytical methods are generally either those introduced for solids in general (e.g. methods based on theory of elasticity) or those proposed particularly for rock materials.
Due to intrinsic complication of mechanical behavior of rocks, analytical solutions commonly fail to predict the value of strength accurately. The Griffith's method is one example of analytical methods that determines the strength of intact rock assuming the existence of elliptic microcracks in the rock (Jaeger et al., 2007) . However, due to simplistic assumptions made in this theory, one may observe considerable difference between the real values of strength and those predicted by the Griffith failure criterion. Another analytical criterion proposed for anisotropic jointed rocks is that of Jaeger (1960) . He assumed an anisotropic behavior when a jointed specimen tends to slide through its joint and calculated the strength by MohreCoulomb relation. This criterion also has shortcomings both in sliding and non-sliding modes of failure (Tien and Kuo, 2001) . Consequently, most of researchers and practical engineers prefer to use the relations proposed based on analyzing experimental data (known as empirical failure criteria).
Recently, some techniques in artificial neural networks, fuzzy systems, and evolutionary computation have been attracting more and more attention in several research areas of rock mechanics (e.g. Alvarez Grima and Babuska, 1999; Sonmez et al., 2003; Garaga and Latha, 2010; Mishra and Basu, 2013) . These methods usually have the advantages of the simplicity and applicability of experimental failure criteria as well as desirable accuracy of computational methods.
Combination of intelligent methods is a brilliant idea which results in powerful techniques having the advantages of different methods simultaneously. For example, in several recent researches, evolutionary algorithms (EAs) have been utilized in order to develop fuzzy systems (FSs) for modeling, identification and classification tasks (Eftekhari and Katebi, 2008; Asadi et al., 2013) . These systems are generally called evolutionary fuzzy systems (EFSs). It will be noted that, developing a FS is a complex process and hence requires employing some optimization techniques to achieve more reliable results.
The well-known Mamdani fuzzy inference system (MFIS) was first proposed to control a steam engine by a set of linguistic rules obtained from experienced human operators or experts. Since the MFIS uses fuzzy membership functions (MFs) for both input and output variables, it provides intuitive interpretation for human users. In current study, optimized MFISs are extracted utilizing binary genetic algorithm (GA) to provide a powerful tool for predicting the strength of intact rocks and anisotropic jointed rock masses. The proposed approach of modeling has two phases. First, some important rules are selected by the GA from a predefined rule base (RB) produced by means of grid partitioning. In this phase, both accuracy and compactness of the FS are considered and the FS would be optimized by defining a proper fitness function (the concept of information criteria). In the second phase, the GA is utilized once again but now for weighting the fuzzy rules selected from the previous phase. The proposed approach is finally evaluated through comparison of the models' outputs with experimental values of strength based on statistical criteria.
Rock strength

Intact rock material
Over the past decades, a large number of theoretical approaches have been proposed for evaluation of rocks and rock masses. The MohreCoulomb failure criterion is the simplest, but also the most widely used relation which assumes the relationship between shear and normal stresses on failure plane to be linear. The Mohre Coulomb failure criterion in terms of principal stresses is of the following form:
where s 1 and s 3 are the major and minor principal stresses, respectively; s c is the uniaxial (or unconfined) compressive strength (UCS); and k is the constant of the equation. The angle of internal friction (f) and cohesion (c) may be then calculated by Singh et al. (2011) made some modifications to the Mohre Coulomb criterion to take nonlinearity of the strength into consideration. They introduced a new parameter called critical confining pressure into the original criterion. The value of critical confining pressure is evaluated through statistical analysis of experimental data by Singh et al. (2011) and proposed to be equal to the UCS.
Several investigators have analyzed experimentally the measured strength data of intact rocks and proposed empirical failure criteria. The HoekeBrown criterion is the best-known empirical criterion which has been updated many times since its introduction in the early 1980s. The original form of this criterion for intact rocks is given below (Hoek and Brown, 1980) :
where m and s c are constants of the criterion and may be determined either through curve fitting (over experimental data) or through practical guidelines provided by Hoek and Brown (1980) . Empirical relations commonly work well for those types of rocks that are similar to rocks used in derivation of the original equation.
Furthermore, owing to some reasons such as rough surfaces of the rock, relative stiffness of testing apparatus compared with the specimen, inclination and eccentricity of the applied load, the strength values measured in the laboratory may exhibit substantial variances. In other words, the data used in such researches have an approximate nature. Consequently, it seems reasonable to have errors using exact relations obtained through such data.
Anisotropic jointed rock mass
Due to the presence of well-defined through-going joints, either in the form of single joint or a set of parallel joints, the mechanical properties of rock masses including their strength become directional or anisotropic. Failure of such rocks is examinable in two separate modes: sliding failure mode, and non-sliding failure mode. In the first case, rock failure occurs due to sliding on discontinuity (joint), while in the other case, it is impossible to slide on the joint and the failure of rock material occurs (Goodman, 2004) . Jaeger (1960) calculated the strength of rock with through-going joints under the conditions of sliding failure analytically and introduced the following equation:
where c j and f j are the cohesion and friction angle of the joint surface, respectively; b is the angle between the joint and vertical axis as shown in Fig. 1a . Sliding failure, however, occurs only in a limited range of discontinuity angles (b). Furthermore, as the confining pressure (s 3 ) increases, the possibility of sliding decreases correspondingly. For very sharp or flat angles, Jaeger (1960) assumed the isotropic behavior for the jointed medium shown in Fig. 1a and attributed compressive strength of intact rock to it (Fig. 1b) . Tien and Kuo (2001) proposed a semi-empirical criterion for predicting the strength of jointed rocks with regard to the theory of elasticity. They accepted the sliding failure relation proposed by Jaeger (1960) , but stressed that in non-sliding failure mode, rock samples have anisotropic behavior. This criterion requires at least seven laboratory tests to determine its input parameters.
Considering the shortcomings of analytical methods, some investigators have analyzed the experimental data and proposed some empirical relations to evaluate the strength of anisotropic rock masses. These empirical criteria have relatively higher accuracy and applicability compared with the analytical and theoretical criteria. However, like intact rocks, these criteria are often applicable to the rock types they have been proposed for. Additionally, the parameters of criteria have to be determined through curve fitting and hence conducting a number of laboratory tests, including triaxial compression tests, is usually required. The empirical criteria of Singh et al. (1992) , Ramamurthy and Arora (1994) and Saeidi et al. (2013) are some examples presented for anisotropic rocks.
Numerical methods can be also employed to evaluate the strength of anisotropic jointed media. Numerical modeling may be generally accomplished in two ways: discontinuous and equivalent continuum approaches. Latha and Garaga (2012) demonstrated that both approaches can appropriately model the conditions of triaxial compression test on anisotropic jointed specimens, provided that the parameters needed for development of the numerical model are determined accurately.
Evolutionary algorithms and fuzzy systems
Recently, the EAs have become popular for optimization in several real-world complex problems where the traditional optimization tools have been trapped. The EAs are inherently parallel systems which have the capability to deal with both linear and nonlinear optimization problems. Historically, the GA, as one of the most popular EAs, was first introduced by Holland (1975) according to Darwinian principles of evolution. In this algorithm, the evolution process is simulated in terms of natural selection and reproduction of individuals for automating the problem solving process. Selection, recombination (cross-over) and mutation are the basic operations of GA which lead to evolution of solutions through survival of the fittest hypothesis.
Fuzzy modeling
Data-driven FSs have been widely used for modeling complex systems, nonlinear identification, regression and classification tasks. Designing an optimum FS is merely a complicated optimization task. The complexity involved in such a design has three aspects: (i) designing the overall structure of a FS including a number of rules and the type of MFs; (ii) fine tuning of FS parameters, such as MFs parameters, in order to achieve a good accuracy; and (iii) obtaining a suitable trade-off between the accuracy of the model and its complexity. During the past years, a number of researches have been conducted to investigate the third aspect (e.g. Mencar and Fanelli, 2008; Zhou and Gan, 2008) .
Newly, a twofold taxonomy of FSs' interpretability has been presented in the literature of information sciences. The "low-level" interpretability defines some constraints for the sake of securing interpretability at fuzzy set level, while the "high-level" interpretability is defined at fuzzy rule level. Generally speaking, distinguishability is the most important semantic constraint for achieving low-level interpretability. On the other hand, according to Occam's razor principle (which states that, from all models that can describe a process accurately, the simplest one is the best), parsimony is a basic criterion for achieving high-level interpretability. Therefore, distinguishability and parsimony are the first concerns for achieving both low-and high-level interpretabilities separately (Mencar and Fanelli, 2008) .
Grid partitioning method divides each antecedent variable into independent partitions (Jang, 1999 ). An expert can define the MFs for antecedent variables using a prior knowledge and experience. These MFs are designed to represent the meaning of linguistic terms for a given problem. In general, the grid partitioning approaches have the advantage that they can easily yield a higher degree of transparency. This implies that all of the fuzzy rules are expressed with a relatively small number of linguistic terms and these linguistic terms are shared in all rules, which is useful for readability of a single rule. The major problem with grid partitioning is explosion of RB especially in the case of high-dimensional data (also known as the curse of dimensionality).
Complexity-accuracy trade-off
In order to evaluate the data-driven models especially when data are scarce, cross validation (CV) is a suitable method since it avoids over-fitting and under-fitting problems and results in a trade-off between accuracy and complexity of the model. Nevertheless, there are some merits, i.e. information criteria are good alternatives for computationally prohibitive CV method (Nelles, 2001) . When an information criterion (IC) is used, the data are not split up into different parts. Rather, training is performed over the whole dataset. Since the model's parsimony and accuracy are subjects of optimization in this work, Schwarz-Rissanen criterion (SRC) is used which is given by
where n 0 is the number of model parameters. In other words, it is the characteristic that determines complexity of the model. MSE is the mean square error, and N is the number of training samples.
Weighting the rules is a brilliant idea which can improve the accuracy of a FS without modification of fuzzy sets on antecedent and consequent parts of the rules (Nauck and Kruse, 1998; Zolghadri and Mansoori, 2007) . Thus, for simplicity (i.e. adjusting only one parameter in a rule instead of many parameters), this method has been preferred to MFs tuning in some researches (Zolghadri and Mansoori, 2007) . On the other hand, in past researches, it has been shown that the modification of MFs of antecedent can be replaced by learning rule weights. In particular, the EAs have been widely utilized for adjusting the rule weights (Hoffmann, 2004) . In this study, due to the advantages of rule weighting, a hybrid genetic-fuzzy modeling approach is proposed for predicting the strength of rocks which is described in details in the next section.
Proposed method
As stated earlier, design of FSs may be accomplished either based on knowledge of an expert or via knowledge extraction from a given set of inputeoutput data. In this section, a novel approach is proposed to develop optimized fuzzy models for estimating triaxial compressive strength of intact and anisotropic jointed rocks with regard to experimental data. It will be noted that, the curse of dimensionality does not seem to be a problem when grid partitioning is applied since a limited number of parameters are considered in both cases. On the other hand, the MFIS has intuitive property and thus has the advantage of being transparent. Therefore, for the sake of securing the interpretability as well as obtaining a descriptive model, Mamdani model with grid partitioning approach is selected to produce the linguistic variables and RB in this work. Apart from these considerations, employing rule weighting beside a grid partitioning approach can maintain the interpretability in low and high levels and improve the accuracy of FS as well. This is because of adjusting only one weight for each rule instead of parameter tuning of antecedent and consequent MFs (which will lead to more complicated constraints for securing the transparency).
Rules selection
In order to produce the initial Mamdani fuzzy model, the grid partitioning approach is applied. Partitioning over input and output axes is performed by three Gaussian MFs that are linguistically named low, middle and high as depicted in Fig. 2 . Accordingly, if the number of input parameters is assumed to be k, a total number of 3 kþ1 fuzzy rules will exist, out of which 3 k rules have no conflict (i.e.
the same antecedent does not correspond to different consequences). It is to be mentioned that, the values of all input and output variables are normalized to a real value in the interval [0, 1]. Finding the rules with no conflict is the first step of development of the model. In other words, the right consequence of fuzzy rules should be determined first according to the training data. Furthermore, unnecessary rules should be discarded to reduce the model's complexity. In the proposed method, the GA is utilized for rules selection procedure as described above. For this purpose, a chromosome with 3 k genes is considered. Each gene represents a fuzzy rule with specified antecedent and the consequence which should be determined using GA. Each gene receives a value of 0, 1, 2 or 3, where 0 means exclusion from the rule base and the other numbers denote the output MF to be low, middle or high, respectively. For example, suppose a problem with three inputs, if the first position of a chromosome is 0, it means that the antecedent combination "low, low, low" is not included in RB. Otherwise, if the first gene is set to 1, it implies that the first rule indicated by this gene is as follows: if input 1 is low and input 2 is low and input 3 is low then output is low. It is very likely that all of the 3 k possible rules are selected if only an error function, such as MSE, is minimized over training data. However, this will probably result in over-fitting. Therefore, an IC is utilized to achieve a more generalized model. In the IC, the number of included fuzzy rules and MSE are regarded as the measures of complexity and accuracy, respectively.
Weighting the selected rules
The rules selected in previous stage can be further improved through weighting. By default, all of the selected rules have similar weight equal to one. However, the weights may be adjusted according to the data in order to increase the model's accuracy (while the complexity remains unchanged). The same as before, chromosomes representing the rules' weights are optimized via GA. It should be noticed that, since the complexity of the model (i.e. the number of rules) does not vary during this step, it is not necessary to utilize IC and the only target function is accuracy measure. Asadi et al. (2011) indicated that the strength of intact rock material may be estimated using an intelligent model by knowing three inputs, i.e. uniaxial compressive strength (s c ), tensile strength (s t ), and confining pressure (s 3 ). They also collected the data required for training such model from the literature (Hoek and Brown, 1980; Sheorey, 1997; Al-Ajmi and Zimmerman, 2005; Ghazvinian et al., 2008; You, 2010) .
Results and discussion
Evaluating the strength of intact rocks
In present study, the GA is utilized to extract the optimum number of Mamdani fuzzy rules using available data. In the problem of intact rock strength, 27 (or 3
3 ) fuzzy rules out of 81 (or 3 4 ) possible combinations have no conflict. Thus, integer chromosomes consisting of 27 genes are considered to represent the consequences of each fuzzy rule. As mentioned earlier, some of the rules might be removed from RB at this stage. The population size (PS) and maximum number of generations (G) are set to 100 and 200, respectively. Moreover, 2-point cross-over with the probability of 0.7, classical mutation with probability of 0.02 and roulette wheel selection method are adopted in the GA. At the end of the two phases (i.e. selection and weighting), seven rules are extracted, as shown in Table 1 . Interestingly, although the rules given in this table are extracted from a given set of inputeoutput data using a computational approach, they are interpretable with regard to the concepts of rock mechanics. For instance, according to the strength curve (Mohr envelope) of intact rocks, higher s c as well as lower s t implies a greater value of m in HoekeBrown relation (Eq. (4)). Therefore, variations of confining pressure will affect the strength sharply and higher s 3 will give higher strength. On the contrary, with lower s c as well as higher s t (and correspondingly smaller value of m), variation of confining pressure affects the strength more moderately. The first and second rules of Table 1 can be explained in this regard and similar explanations may be given for the other rules.
Since an IC is included in the above-mentioned approach, the model's error should be evaluated regarding the whole data. The outputs of extracted Mamdani model versus experimental values of strength are illustrated in Fig. 3 . According to this figure, the proposed model is of desirable accuracy in predicting triaxial compressive strength of intact rocks.
Evaluating the strength of anisotropic rock masses
The modeling approach described in previous section is used herein to develop optimized fuzzy model for triaxial compressive strength of anisotropic rocks. Asadi and Bagheripour (2014) suggested the strength of anisotropic rocks to be modeled with six input parameters, i.e. cohesion and friction angle of discontinuity the literature as given in Table 2 . In this case, the number of all possible rules combination is 2187 out of which 729 rules have no conflict. Therefore, the chromosomes with 729 genes should be evolved through GA as explained before to achieve the ideal RB. Four hundred and nineteen rules are discarded by GA after 200 generations and the remains are weighted subsequently. As depicted in Fig. 4 , predictions of the final model are desirably accurate when compared with experimental data. In addition, predictions of the Mamdani model are compared with experimental data of Asadi and Bagheripour (2015) which are not used in training phase (Fig. 5) . It can be seen that the model is able to make appropriate predictions even for fresh and unfamiliar cases. Keen readers might note the difference between experimental and predicted values in Fig. 5 , especially at higher confining pressures. Although the capability of proposed models are well acknowledged in Figs. 3 and 4 (where a large number of data are predicted with acceptable accuracy), there might be some examples which the proposed method fails to perform precisely. This is due to inherent complexities of geo-materials' mechanical behavior as discussed earlier.
For further assessment of the models' performance, three statistical criteria, i.e. coefficient of correlation (R), root mean square error (RMSE) and mean bias error (MBE) are employed. These criteria are defined as follows:
where S m and S p are the measured and predicted values of strength, respectively; n is the number of data samples; S m and S p are the mean of the measured and computed strength values corresponding to n patterns, respectively. Table 3 above-mentioned indices for both intact and jointed rocks. It is evident that the proposed method is able to predict the strength of intact rocks and anisotropic jointed rock masses precisely.
Conclusions
In this paper, a hybrid EA-based method was proposed in order to develop a transparent and descriptive fuzzy model for predicting the strength of intact rocks and anisotropic jointed masses. With regard to its intuitive property, a Mamdani FIS designed with grid partitioning was adopted as the base model. In the proposed procedure, the GA was utilized for selecting most important rules among the initial rules in RB and also for tuning the weights of selected rules. After selection of the rules and weighting process, the whole fuzzy model should be evaluated in terms of both accuracy and parsimony. Therefore, an IC merit was embedded in GA as fitness function.
According to the past researches, MF parameter tuning as well as securing interpretability has been proven to result in a set of complex constraints during the progress of optimization process. Therefore, the rule weighting proposed herein can be utilized for increasing the accuracy of fuzzy models without tuning MFs parameters.
The proposed modeling approach was evaluated to estimate the strength of intact rocks and transversely isotropic rock masses. The input parameters were selected based on previous studies and are all easily measurable. Comparison of the results with experimental data confirmed the efficiency of the proposed method in precise and economic estimation of strength of rocks. This method can be also used for other types of rocks such as schistose or highly jointed masses if appropriate data sets are available. Despite some deviations from experimental values of strength might be observable in predictions of the proposed model (when facing new sets of data), it should be noted that such errors are common among previous analytical and experimental failure criteria. This is mainly due to the inherent complexities in mechanical properties of rock material as well as the potential inaccuracy of reported strength data. However, the proposed method has this advantage, in addition to its acceptable accuracy, that it does not require any curve fitting procedure and its input parameters may be directly measured through some simple and basic tests. Consequently, the proposed model can be regarded as a simple and accurate tool of estimating rock strength in absence of expensive laboratory tests.
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